We use simulation to develop a Markov chain approximation for the value of caplets and Bermudan interest rate derivatives in the Market Model developed by Brace, Gatarek, and Musiela (1995) and Jamshidian (1996a,b). One and two factor versions of the Market Model were numerically studied. Our approach yields numerical values for caplets which are in close agreement with analytic solutions. We also provide numerical solutions for several Bermudan swaptions.
Introduction
Term structure modeling is one of the most challenging problems in asset pricing theory. The modern approach has focused on the restrictions imposed by the absence of arbitrage and emanates from the seminal paper of Merton (1973) . Significant contributions to the valuation and hedging of interest rate derivatives such as bond options were made by Black (1976) , Vasicek (1977) , Brennan and Schwartz (1982) , Courtadon (1982) , Ball and Torous (1983) , Cox, Ingersoll, and Ross (CIR, 1985) , Ho and Lee (1986) , Schaefer and Schwartz (1987) , Black, Derman, and Toy (BDT, 1990) , Black and Karasinski (BK,1991) , Heath, Jarrow, and Morton (HJM,1988) , Jamshidian (1989) , Hull and White (1990) , and more recently by Brace, Gatarek, and Musiela (BGM,1995) , Jamshidian (1996a, b) , and Flesaker and Hughston (1996) .
The papers by Black (1976) , Ball and Torous (1983) and by Schaefer and Schwartz (1987) all mimicked the original Black-Scholes stock option theory in specifying the underlying bond price dynamics directly. The other papers prior to Ho and Lee took off from Merton (1973) and instead specified the dynamics of the spot rate and possibly another factor such as the long-term rate. In these models, the bond price dynamics arise as a consequence of the absence of arbitrage and a specification of the market price of interest rate risk. While these models provide valuable insights into the determinants of bond prices and into the relationship between bond prices of different maturities, they have difficulty in matching the initial term structure exactly. An "inversion of the term structure" is required to eliminate the market prices of risk from interest rate derivative values. Ho and Lee (1986) pioneered a new approach to term structure modeling. They took the initial discount curve as given and modelled the arbitrage-free movement of the entire discount curve in a binomial setting.. Inspired by the work of Ho and Lee (1986) and the martingale methods of Harrison and Pliska (1981) , Heath, Jarrow, and Morton (1988) developed an elegant mathematical framework for the term structure of interest rates. The HJM approach takes the initial forward rate curve as given and develops a drift restriction for the stochastic evolution of the forward rate curve under the equivalent martingale measure. In common with Ho and Lee, this approach has the advantage of providing arbitrage-free interest rate derivative prices that do not explicitly depend on the "market price of risk". The HJM framework is very general and most of the work before 1988 can be viewed as special cases of it. Research on interest rate derivatives pricing after HJM has focused on specializing the framework to tractable models so that it can be efficiently calibrated to market prices of observable instruments and can efficiently price other interest rate derivatives.
Despite the efforts of many academics and practitioners, there is still no universal model for pricing interest rate derivatives. The challenges of interest rate derivative pricing are more computational than methodological. In order to obtain tractable sub-cases of the HJM model, the volatility structure has to be restricted. For realistic volatility structures, the HJM model is very expensive to calibrate. Furthermore, the valuation of Bermudan and American interest rate derivatives is computationally intensive. For such options, the computation time for even a single factor model is too slow to meet industry requirements. Although there are published results on certain versions of HJM, the issues of convergence, accuracy and efficiency have never been precisely documented. Realizing the theoretical advantages of the HJM approach, researchers have looked for an "ideal" special case of the general HJM model that possesses the following properties:
a. Arbitrage-free:
There must be no arbitrage in the price dynamics of bonds and other interest rate derivatives. This is the most fundamental requirement for any term structure model. As mentioned before, the HJM model solves the above problem and most of the current term structure models do enforce the no arbitrage condition in the above sense.
b. Versatility:
A good model should be consistent with a broad range of possible term structure shapes, volatility profiles, and correlations among yields of different maturity. The empirical studies of Canabarro (1995) demonstrate the inability of certain one factor models to account for observed yield correlations. In contrast, multifactor models such as HJM are consistent with arbitrary yield correlations.
c. Positive Interest Rates:
Although rare cases may require negative interest rates, it is widely accepted that a model that guarantees positive interest rates will be preferred over ones that do not, ceteris paribus. Despite the claims that the likelihood of negative interest rates is small by Gaussian modelers, Rogers (1995a,b) demonstrated that under certain circumstances, large negative interests can arise and cause non-negligible distortions of derivative prices. The positive term structure models in wide use are CIR, BDT, BK, nearly proportional HJM, BGM, and Flesaker and Hughston.
d. Computational Efficiency
Whether for model calibration, deal pricing, book revaluation, dynamic hedging, or firmwide risk management, the pricing model will be used many times during a day. Consequently, it is very critical that a model be able to evaluate derivatives efficiently. Closed form solutions for realistic problems are highly desired, although extremely rare in practice. Consequently, efficient numerical schemes are necessary for a valuation model to make the transition from theory to practice. In particular, one of the most computationally demanding problems is the pricing of Bermudan interest rate derivatives in a nonMarkovian multi-factor model.
In general, the goal of term structure modeling is to find an "ideal" model that possesses the four features above. Recently, a special case of the HJM framework has emerged which satisfies most of the above criteria. This approach, termed the Market Model by its developers BGM (1995) and Jamshidian (1996a,b) , is arbitrage-free, provides strictly positive interest rates, and generates closed form solutions for caps or European swaptions. Since models are usually calibrated to these instruments, this feature speeds up the calibration process considerably. Unfortunately, for Bermudan derivatives, extant applications of the Market Model are computationally demanding.
In this paper, we use simulation to develop a Markov Chain Approximation (MCA) to value Bermudan derivatives in the Market Model. We show that this approach allows such derivatives to be evaluated more efficiently than existing approaches such as nonrecombining trees.
The structure of this paper is as follows. The next section reviews the Market Model, while the following section reviews our MCA approach. The fourth section applies MCA to the Market Model, while the following section presents our numerical implementation. The final section concludes.
The Market Model
A significant advance in the search for an "ideal" term structure model was made by Brace, Gatarek, and Musiela (1995) and Jamshidian(1996a Jamshidian( ,1996b . Conscious of structures trading in the market, they developed the so-called Market Model, which takes forward Libor rates or swap rates as inputs and directly models their evolution.. Although the Market Model can be viewed as a special case of the HJM model, it differs from traditional approaches in its use of the so-called "numeraire induced measure", instead of the conventional risk-neutral measure. Assuming a deterministic forward rate volatility, the Market Model prices cap or European swaptions by the standard Black formula. Besides being consistent with the industry standard, the assumption of deterministic volatility guarantees positive interest rates.
Since we will price Bermudan derivatives using the Market Model, we now give a brief introduction to the model following Jamshidian's (1996a) approach. We will not go into technical details such as how to change measure etc. but instead refer the reader to Jamshidian (1996a Jamshidian ( , 1996b for the mathematical foundations of the Market Model.
We denote the sequence of Libor payment dates by T n and the sequence of spot Libor reset dates by t n . Assuming that the reset dates match the payment dates ( t T n n = ), we have a tenor structure:
The day count factors are defined as:
For later use, we define n t ( ) as one plus the number of payments as of date t :
Let B t n ( ) be the price at t of a zero-coupon bond maturing at T n for n ≥ 1 and 
The Market Model can be generically represented by: (1) Libor market model in spot Libor measure:
Introducing a "rolling zero-coupon bond" 
, we have the following general equations governing the stochastic evolution of the forward Libor rate:
The value of any Libor rate derivative satisfies:
Here, E B is the expectation under the measure P B induced by B t ( ) (the spot Libor measure), and z t B ( ) is the associated Brownian motion (the spot Libor Brownian motion).
is a bounded deterministic function, then the general equation reduces to the following "Libor market model in spot Libor measure":
There exists a unique positive solution for L t n ( ) and caplets are priced by the Black formula.
(2) Libor market model in terminal measure:
, we have:
Under the lognormal volatility assumption, we have
This is the Libor market model in terminal measure which BMG (1995) developed. There exists a unique positive solution and caplets are priced by the Black formula.
(3) Swap market model:
Under the lognormal volatility assumption, we have the following swap market model:
There exists a unique positive solution and now European swaptions are priced by the Black formula.
As with the general HJM model, the numeraire (the money market account in HJM) plays a very important role. Jamshidian(1996b) demonstrates that under appropriate measurability assumptions, payoffs which are a function of the path of Libor rates or swap rates can be attained by a self-financing trading strategy involving only the finite number of zero-coupon bonds that define the rates, even when the market is incomplete. This means:
Here B t num ( ) is the numeraire, which can be either the spot Libor numeraire B t ( ) or any of the zero-coupon bonds B t i ( ) , or the forward swap rate numeraire B t n N , ( ) .
In the special case of the pure discount bond, we get:
Thus, if one knows the dynamics of the numeraire B T num ( ) in the appropriate measure, then the value of the derivative, C t ( ) , is determined. In fact, in the Market Model, one needs to know the dynamics of the numeraire only at reset dates. This is fortunate because in the Market Model, the dynamics of the numeraire are not known inbetween reset dates.
The above property of the numeraire demonstrates a very general principle: the dynamics of the numeraire in the appropriate measure are all we need to price interest rate derivatives whose payoff can be attained by a self-financing trading strategy in the appropriate bonds. The focus on the risk-neutral dynamics of the spot rate when the money market account is the numeraire can be attributed to the above principle. We will see that this principle is the key to pricing Libor derivatives efficiently.
As mentioned previously, the Market Model is efficient in pricing caps or swaptions. There also exist other closed form solutions for some simple derivatives. However, for Bermudan derivatives, the market models face the same difficulties as the general HJM model. Although Bermudan derivatives can be evaluated by a non-recombining tree, the computational inefficiency of the method makes it almost useless in practice. For this reason, the next section discusses Markov Chain Approximation which will be used to efficiently price Bermudan derivatives.
Markov Chain Approximation (MCA)
MCA is a method for approximating a continuous time stochastic process. A graphical representation of the MCA used in this paper is given in figure 1. MCA includes, recombining (binomial, trinomial, and multinomial) lattices, non-recombining (binomial, trinomial, and multinomial) trees and the finite difference (explicit and implicit) schemes, spectral methods, and finite elements as special cases. Derivatives are valued in a MCA by the usual backward induction method. 
In its most general form, a MCA with n steps has degrees of freedom and the degrees of freedom go to infinity as n goes to infinity. In practice, we usually set I t ( ) and L i t ( , ) to constant or simple linear functions.
The conditional expectation of a function, f t r ( , ) , in terms of a MCA is represented by:
E f t t r t t r r t f t t r p t i j
,
Traditional numerical methods such as non-recombining trees have the problem of exponential growth in the number of nodes. The advantage of our MCA method lies in the fact that by having a transition matrix which is not sparse, we can control the growth of the number of nodes. The ability to control the growth of the number of nodes results in significant savings in computation time. While MCA also has a cost in terms of the extra computational effort required to get the transition matrix, this cost is very small compared to the resulting reduction in computational effort.
Approximating Market Model Values by MCA
In this section, we show how Monte Carlo simulation can be used to generate a MCA of derivative security values in the Market Model. Our focus will be on Bermudan derivatives since these are not efficiently valued by other techniques. The main difficulty in implementing the Market Model for Bermudan derivatives is that the model has a very high dimension, which is equal to the number of rates being modeled. In order to compute Bermudan prices efficiently, we collapse the dimensionality of the state space down to a single variable plus time. The single variable chosen is the numeraire, since as mentioned in section 2, one only needs the dynamics of this variable in the appropriate measure to price any interest rate derivative. In collapsing the dimensionality, the joint distribution of the rates and the numeraire is replaced with just the marginal distribution of just the numeraire. This marginal distribution is obtained by Monte Carlo simulation as detailed below. Since the exercise strategy is only allowed to depend on the level of the numeraire, our approximation is a lower bound for the true value of the Bermudan derivative. Thus, our approach is similar in spirit to the approach taken by Barraquand an Martineau (1995) for the valuation of multivariate American equity derivatives. In common with Barraquand and Martineau, it is difficult to know whether our lower bounds are tight. However, our lower bounds can still be used as a conservative estimate of value. Furthermore, they serve as a benchmark for other methods which generate lower bounds on Bermudan values.
We first approximate the (forward or swap) rate diffusions using an explicit Euler scheme:
Next, we discretize the numeraire space. More specifically, ∀ ∈
( ) = 1 , of the numeraire state space R , i.e. a set of k t ( ) subsets of R satisfying:
The time grid for the MCA differs from that for the simulated rate equations since for Bermudan derivatives, we only need a MCA at the reset dates. We assume that the partition R( ) 0 has only two cells: 
for American securities, where C t ex ( ) is the exercise value of the American security.
We use one of two approaches for valuing a derivative depending on the nature of the claim. If the derivative security's payoff is insensitive to the variation in term structures, then we obtain the average yield curve conditional on the numeraire being in a specified cell by averaging over all term structures that happen to have the numeraire value in the given cell. The above method for constructing the yield curve is efficient in obtaining the average yield curve and in pricing several derivatives using one simulation. However, for derivatives that are sensitive to variation in the term structure, the above method can cause errors. For one factor models and for derivatives on rates which are highly correlated with the numeraire, our numerical results show that averaging over term structures is very accurate. However, for claims whose payoff is tied to a specified rate quite different from those which drive the numeraire, we use a different approach. Specifically, for each cell describing a small range in value of the numeraire, we average the payoff of the security over all the term structures whose corresponding numeraire was in the specified cell. We benchmarked our numerical results by comparing them with the traditional Monte Carlo method for European derivatives which are sensitive to variation in the shape of the term structure, eg. swaptions and caps in a 2 factor model.
Numerical Results
We applied our MCA method to price caps and swaptions in both a single factor and a two factor setting. The payer swaptions we value are (1) European swaptions, (2) Bermudan swaptions, (3) Fixed tail Bermudan swaptions, (4) Constant maturity Bermudan swaptions, and (5) Bermudan forward swaptions. Since the terminology in (2) to (5) may not be standard, we now give a precise definition of each swaption.
Bermudan Swaptions: A Bermudan swaption is an option on a swap that can be exercised on every reset date of the underlying swap up to and including the option maturity. When exercised, the swap one gets is one that starts at the exercise date and matures at a fixed date which is independent of the time of exercise. A Bermudan swaption is equivalent to a Bermudan option on a coupon bond with strike that is the par value of the bond. As an option on a coupon bond, a Bermudan swaption has positive probability of early exercise.
Fixed tail Bermudan Swaptions:
A fixed tail Bermudan swaption is a Bermudan swaption with a maturity date equal to the last reset date of the underlying swap and which has an initial lockout period during which exercise is prohibited. A fixed tail Bermudan swaption is equivalent to a Bermudan option on a coupon bond with strike that is the par value of the bond. As an option on a coupon bond, a Bermudan Fixed tail swaption has positive probability of early exercise.
Constant maturity Bermudan Swaptions:
A constant maturity swaption is an option on a swap that can be exercised on every reset date from now up to and including the swaption maturity. When exercised, the swap one gets is one that starts at the exercise date and has a time to maturity which is independent of the time of exercise. A constant maturity Bermudan swaption is equivalent to a Bermudan option on a constant maturity coupon bond with a strike that is the par value of the bond. Since the underlying bond pays coupons, there is positive probability of early exercise.
Bermudan forward Swaptions: A Bermudan forward Swaption is an option on a swap that can be exercised on every reset date up to and including the swaption maturity. When exercised, the swap one gets is a forward swap that starts at the swaption maturity date and ends a specified period of time later. A Bermudan forward swaption is equivalent to an option to exchange a forward floating rate bond for a forward fixed rate bond. Since the underlying pays no cash flows between initiation and the swaption maturity, a Bermudan forward swaption should not be exercised before maturity.
The confidence intervals of our results are calculated using the central limit theorem. Based on the theorem, the error must be less than four times the observed standard deviation in order to obtain a 99.95 percent confidence interval. The observed standard deviations are obtained by doing 100 runs of the option price calculations with each run having a sample size of 100,000. The first test is for a one factor model. The initial term structure is flat at 10%. The volatility structure is also flat at λ 1 ( ) t = 20% . This is the same one factor model used by BMG(1995) to test their approximation formula. The numerical results for caps are shown in Table 1 . As we can see, our MCA results agree with the closed form solution to 4-5 digits depending on the cap maturity. This close agreement with the closed solution is a strong indication that the MCA can approximate the Market Model accurately. The results for Bermudan forward swaptions are given in Table 3 . As we stated in the description of Bermudan forward swaptions, the value of a Bermudan forward swaption should be the same as that of the corresponding European swaption. Our numerical results confirmed this prediction. The differences between values of the European swaptions and Bermudan forward swaptions are within the Monte Carlo simulation errors.
The Bermudan constant maturity swaption calculations are listed in Table 4 . As we expected, constant maturity Bermudan swaptions have larger value than European swaptions. The early exercise premium for constant maturity Bermudan swaptions increases with the swaption maturity, but decreases with the strike rate. For the values tested, the maturity of the underlying swap does not seem to have a significant effect on the exercise premium.
The Bermudan swaption calculations are given in Table 5 . As we expected, Bermudan swaptions have larger value than European swaptions. The early exercise premium for Bermudan swaptions increases with the swaption maturity and decreases with the strike rate and with the maturity of the underlying swap. The early exercise premium is about 55% of the corresponding European swaption for a 3 year at-the-money Bermudan swaption on a 3 year swap. For the values tested, we found that a Bermudan swaption always has greater value than a constant maturity Bermudan swaption with the same swaption maturity date. Table 6 shows our results for Bermudan fixed tail swaptions. As expected, Bermudan fixed tail swaptions have greater value than European swaptions maturing at the end of the lockout period. We term this difference the later exercise premium of a Bermudan fixed tail swaption. This premium increases with the strike rate and the underlying swap maturity. This is in contrast to Bermudan swaption whose early exercise premium decreases with the strike rate and swap maturity. The later exercise premium for a one year Bermudan fixed tail swaption on a 10 year swap struck at 12% is about 325% of the corresponding European swaption value. Table 6 Bermudan Fixed Tail Swaption
Having successfully simulated the one factor case, we now extend our MCA method to the two factor Market Model. The initial term structure is still flat at 10%. The two factor volatility structure we tested is defined by:
The first factor is a constant shock for all maturities, while the second factor adds a twist to the yield term structure.
The numerical results for caps are shown in Table 7 . As in the one factor case, our MCA results agree with the Black formula to 4-5 digits. This close agreement with the closed form solution in the two factor case is another indication that the MCA can approximate the Market Model accurately. The values of caps in the two factor case are all smaller than that of the one factor case. This indicates that the overall volatility of the two factor case is smaller. Carlo results (not reported here). As was true for caps, European swaption values in the two factor case are all smaller than in the one factor case.
The Bermudan forward swaption results are given in Table 9 . As in the one factor case, the value of Bermudan forward swaptions should be the same as that of the European swaptions. Our numerical results confirmed this result. The differences between values of the European swaptions and Bermudan forward swaptions are within the Monte Carlo simulation errors.
Constant maturity Bermudan swaption calculations are listed in Table 10 . As expected, the values of constant maturity Bermudan swaptions are larger than that of European swaptions. The early exercise premium for constant maturity Bermudan swaptions increases with the option maturity but decreases with the strike rate. The early exercise premium in the two factor case is more sensitive to the strike rate than in the one factor case and is generally larger especially when the option maturity is longer.
Bermudan swaption calculations are given in Table 11 . As in the one factor case, Bermudan swaptions have larger values than European swaptions. The early exercise premium for Bermudan swaptions increases with the option maturity and decreases with the strike rate and the swap maturity. The early exercise premium is about 51% of the corresponding European swaption value for a 3 year at-the-money Bermudan swaption on 3 year swap. A Bermudan swaption has greater value than a constant maturity Bermudan swaption. Again, the early exercise premium in the two factor case is more sensitive to the strike rate. For our values, Bermudan swaptions were all exercised at a strike rate of 8% or more in both the one and two factor case. Table 12 shows the results for Bermudan fixed tail swaptions. As expected, Bermudan fixed tail swaptions have greater value than European swaptions maturing at the lockout date. The later exercise premium of Bermudan fixed tail swaptions increases with the strike rate and swap maturity. This is in contrast to Bermudan swaptions whose early exercise premium decreases with the strike rate. The later exercise premium for a one year Bermudan fixed tail swaption on a 10 year swap struck at 12% is about 170.3% of the corresponding European swaption. As with other Bermudan type swaptions, Bermudan fixed tail swaptions in the two factor case are also more sensitive to the strike rate than in the one factor case. The later exercise premium in the two factor case can be more than twice as big as in the one factor case for a strike rate of 12%. Table 12 Bermudan Fixed Tail Swaption Price (two factor case)
Summary
The Market Model by BMG and Jamshidian is a widely used model in interest rate derivative markets. However, its application to Bermudan derivatives has been problematic due to the explosive growth in computation time and memory of nonrecombining trees. In this paper, we applied the MCA method for pricing Bermudan interest rate derivatives using Monte Carlo simulation. One and two factor volatility structures were studied numerically. Numerical data for several types of Bermudan swaptions were presented as a benchmark for comparison with alternative implementations of the Market model. In particular, the efficacy of the MCA method for long maturity derivatives was demonstrated.
